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AMOEBA FINITE BASIS OF SOLUTIONS TO A SYSTEM
OF n POLYNOMIALS IN n VARIABLES
MOUNIR NISSE
Abstract. We show that the amoeba of a complex algebraic variety
defined as the solutions to a generic system of n polynomials in n vari-
ables has a finite basis. In other words, it is the intersection of finitely
many hypersurface amoebas. Moreover, we give an upper bound of the
size of the basis in terms of n and the mixed volume µ of the Newton
polytopes of the polynomial equations of the system. Also, we give an
upper bound of the degree of the basis elements in terms of µ.
1. Introduction
Let K be an algebraically closed field equipped with a non-trivial real val-
uation ν : K → R∪{∞}, the tropical variety (or non-Archimedian amoebas)
T rop(I) of an ideal I ⊂ K[x1, . . . , xn] is defined as the topological closure
of the set
ν(V (I)) := {(ν(x1), . . . , ν(xn)) | (x1, . . . , xn) ∈ V (I)} ⊂ Rn,
where V (I) denotes the zero set of I in (K∗)n (see for example [MS-09]). A
tropical basis for I is a generating set B = {g1, . . . , gl} of I such that
T rop(I) =
l⋂
j=1
T rop(Igj ),
where Igj denotes the principal ideal generated by the polynomial gj . Bogart,
Jensen, Speyer, Sturmfels, and Thomas [BGSS-07] gave a lower bounds on
the size of such bases when K is the field of Puiseux series C((t)) and the
ideal I is linear with constant coefficients. In [HT-09], Hept and Theobald
showed that any tropical variety has a tropical basis. The Archimedean
amoeba of a subvariety of the complex torus (C∗)n is its image under the
coordinatewise logarithm map. Archimedean Amoebas were introduced by
Gelfand, Kapranov, and Zelevinsky in 1994 [GKZ-94]. The purpose of this
Note is to show that Held and Theobald’s above theorem has an analogue
for Archimedian amoebas of codimension n.
An algebraic variety V ⊂ (C∗)n of codimension n which is the solutions
of a system of n polynomial equations is generic if the Jacobian of the loga-
rithmic map restricted to all points of V has maximal rank i.e., equal to n.
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If the defining ideal I(V ) of V is generated by the set of polynomials {gi}li=1
with the following properties:
(i) A (V ) =
⋂l
i=1A (Vgi);
(ii) A (V ) (
⋂
i∈{1,...,l}\sA (Vgi) for every 1 ≤ s ≤ l,
then we said that {gi}li=1 is an amoeba basis of A (V ).
It was shown in [N-14] that the amoeba of a generic complex algebraic
variety of codimension 1 < r < n does not have a finite basis. In other
words, it is not the intersection of finitely many hypersurface amoebas. The
aim of this note is to show that if the codimension of our variety V is equal
to n (i.e., V is a finite number of points), then its amoeba has a finite basis.
In other words, the main result of Hept and Theobald in [HT-09] does have
an analogue for Archimedean amoebas of generic complex algebraic varieties
of dimension zero.
Theorem 1.1. The amoeba of an algebraic variety V ⊂ (C∗)n defined as
the solutions to a generic system of n polynomials f1, . . . , fn in n complex
variables has a finite basis of length at most (n + 1)(nµ−1 + 1) where µ
is the mixed volume of the Newton polytopes of the polynomials f1, . . . , fn.
Moreover, each element of this basis has degree at most µ.
In Theorem 1.1, if µ > 1 then we can decrease the length of the basis,
but the price will be to increase the degree of its elements. If µ = 1 (i.e.,
f1, . . . , fn is a system of a generic first order polynomials), then the length
of the basis is equal to n+ 1.
2. Proof of the main result
Let us recall the description of hyperplane amoebas given by Forsberg,
Passare, and Tsikh [FPT-00] and some of their feature that we will use in
our proof. In Corollary 4.3 [FPT-00], Forsberg, Passare, and Tsikh showed
the following:
Proposition 2.1. The amoeba A (Vf ) of an affine complex function f(z) =
b0 + b1z1 + . . . + bnzn is equal to the closed (possibly empty) subset in Rn
defined by the inequalities
log |b0| ≤ log(
n∑
k=1
|bk|euk)
uj + log |bj | ≤ log(|b0|+
n∑
k 6=j
|bk|euk).
Consider a generic system of n polynomial equations in n complex variables
z = (z1, . . . , zn)
f1(z1, . . . , zn) = f2(z1, . . . , zn) = · · · = fn(z1, . . . , zn) = 0. (S )
By Bernstein’s Theorem [B-75], we know that if ∆j is the Newton poly-
tope of fj for j = 1, . . . , n, then the number of complex solutions of (S )
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counted with multiplicity is equal to the mixed volume µ(∆1, . . . ,∆n) of the
∆j ’s. Let V := {v(1), v(2), . . . , v(l)} be the set of complex solutions of (S ),
with
l∑
i=1
mult(v(i)) = µ(∆1, . . . ,∆n),
where mult(v(i)) denotes the multiplicity of the solution v(i). Let A (V ) :=
{w(1), w(2), . . . , w(l)} be the amoeba of V . If v(i) is equal to (v(i)1 , . . . , v(i)n ) ∈
(C∗)n, then we denote by ||v(i)||0 the following sum:
||v(i)||0 =
n∑
k=1
|v(i)k |.
Consider the following system of (n+ 1) polynomial equations of n vari-
ables z = (z1, . . . , zn), which we denote by (G ):
g0(z) =
l∏
i=1
(
1− 1||v(i)||0
n∑
k=1
|v(i)k |
v
(i)
k
zk
)
= 0,
gj(z) =
l∏
i=1
1− 1 + ||v(i)||0 − |v(i)j |
v
(i)
j
zj +
∑
k∈{1,...,n}\j
|v(i)k |
v
(i)
k
zk
 = 0,
for j = 1, . . . n. We can check that the amoeba of each polynomial gj for
j = 0, 1, . . . , n is an arrangement of l hyperplane amoebas (counted with
multiplicity, because it can happen that v(i) 6= v(m) but ||v(i)||0 = ||v(m)||0
or v(i)j = v
(m)
j for some j). For s = 1, . . . , l, we denote byH
(i)
j the hyperplane
with defining polynomial g(i)j which is the i
th factor of gj for j = 0, 1, . . . , n,
i.e.,
g
(i)
0 (z) = 1−
1
||v(i)||0
n∑
k=1
|v(i)k |
v
(i)
k
zk, for i = 1, . . . , l
and
g
(i)
j (z) = 1−
1 + ||v(i)||0 − |v(i)j |
v
(i)
j
zj +
∑
k∈{1,...,n}\j
|v(i)k |
v
(i)
k
zk,
for i = 1, . . . , l and j = 1, . . . , n. We denote by A (V
g
(i)
j
) the hyperplane
amoeba defined by g(i)j .
By construction, each v(i) is a solution of the system (G ), and then A (V ) ⊂⋂n
j=0A (Vgj ), where A (Vgj ) denotes the arrangement of hypersurface amoe-
bas defined by the polynomial gj . We can rewrite the system (G ) as follows
g0(z) = g
(1)
0 (z) g
(2)
0 (z) . . . g
(l)
0 (z) = 0
g1(z) = g
(1)
1 (z) g
(2)
1 (z) . . . g
(l)(z)
1 = 0
...
...
...
...
...
...
...
...
gn(z) = g
(1)
n (z) g
(2)
n (z) . . . g
(l)
n (z) = 0.
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Let w ∈ ⋂nj=0A (Vgj ) and u ∈ (C∗)n such that Log (u) = w. As we know that
the amoeba defined by gj is the union of the hyperplane amoebas A (H
(i)
j )
for i = 1, . . . , l, then for any j ∈ {0, . . . , n} there exists i ∈ {1, . . . , l} such
that w ∈ A (H (i)j ).
Lemma 2.1. Let w be a point in the complement of the amoeba A (V ). Then
for any i ∈ {1, . . . , l} there exists a nonempty subset Si ⊂ {0, 1, . . . , n} such
that w /∈ A (V
g
(i)
j
) for all j ∈ Si.
Proof. If there exists i ∈ {1, . . . , l} with w ∈ A (V
g
(i)
j
) for all j ∈ {0, 1, . . . , n},
then using Proposition 2.1 we can check that w = w(i) (see [SW-13] for more
details). 
Lemma 2.2. With the above notation, there exist a finite number of poly-
nomial equations {hs}rs=1 of degree l such that:
(i) The set of solutions of the system {gj(z) = hs(z) = 0} for j =
0, 1, . . . , n and s = 1, . . . , r is equal to V ;
(ii) The intersection (
⋂n
j=0A (Vgj )) ∩ {A (Vhs)}rs=1 is precisely A (V ) =
{w(1), . . . , w(l)}.
Proof. Let w ∈ ⋂nj=0A (Vgj ), then for any j ∈ {0, 1, . . . , n} there exists
i(j) ∈ {1, . . . , l} with w ∈ A (V
g
(i(j))
j
), i.e., w ∈ ⋂nj=0A (Vg(i(j))j ). On the
other hand, suppose that w is contained in the complement of the amoeba
A (V ). Hence, for any i ∈ {1, . . . l} there exists a subset Si ⊂ {0, 1, . . . n}
such that w /∈ A (V
g
(i)
j
) for all j ∈ Si. Consider the set of all arrangement
of l hyperplane amoebas where each of these arrangement is defined by the
product of the first order polynomials as follows:
hj(1),...,j(l)(z) := g
(1)
j(1)(z)g
(2)
j(2)(z) . . . g
(l)
j(l)(z),
where j(i) ∈ Si for all i ∈ {1, . . . l}. We can check that the number of these
arrangements cannot exceed nl−1(n + 1). By construction, V ⊂ Vhj(1),...,j(l) ,
and w /∈ A (Vhj(1),...,j(l)) for all index (j(1), . . . , j(l)). We claim that the
intersection
B = (
n⋂
j=0
A (Vgj ))
⋂
(
⋂
j(1),...,j(l)
A (Vhj(1),...,j(l)))
is precisely the amoeba of V . Indeed, let w ∈ B and assume w /∈ A (V ).
Then for each i ∈ {1, . . . , l}, there exists a nonempty subset Si ⊂ {0, 1, . . . , n}
such that w /∈ A (V
g
(i)
j(i)
) for all j(i) ∈ Si. Otherwise, using Proposition 2.1,
the point w will be equal to one of the w(i)’s. Namely, there exists an index
(j(1), . . . , j(l)) such that w is not in the amoeba of Vhj(1),...,j(l) (because we
took all the arrangement in the intersection B). This is in contradiction
with the fact that w ∈ B. The other inclusion is given by construction. It
remains to show that V is equal to the set of solutions V ′ of the system (S ′)
defined by
{gj(z) = 0}nj=0
⋂
{hj(1),...,j(l)(z) = 0}(j(1),...,j(l)).
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By construction, we have the first inclusion V ⊂ V ′. Without loss of gen-
erality, we can assume l = µ. The number of solutions ν (counted with
multiplicity) of the system (S ′) cannot exceed µ (observe that the degree
of any equation in (S ′) is equal to µ). As we know that V ⊂ V ′, then ν is
also at least equal to µ. Hence, V ′ should be equal to V . 
Proof of Theorem 1.1. If l > 1, then the number of arrangements of l
hyperplanes amoebas cannot exceed nl−1(n+1) which satisfies the inequality
nl−1(n+1) ≤ nµ−1(n+1). If l = 1, then as we seen before, using Proposition
2.1, the set of polynomials {gj}nj=0 is an amoeba basis of A (V ). Now,
Theorem 1.1 is an immediate consequence the last remark and Lemma 2.2.
Example. Let f1(z) = f2(z) = 0 be a generic system of two polynomials in
two complex variables. Let v(1), v(2) be the set of solutions of this system (for
example the intersection of a line with a parabola). Assume that ||v(1)||0 6=
||v(2)||0 and µ = l = 2. Consider the system (G ) defined as follows:
g0(z) = g
(1)
0 (z) g
(2)
0 (z) = 0
g1(z) = g
(1)
1 (z) g
(2)
1 (z) = 0
g2(z) = g
(1)
2 (z) g
(2)
2 (z) = 0.
Where g(i)j for j = 0, 1, 2 and i = 1, 2 are defined as before. We add the (G )
the following polynomial equations: g(i)j g
(s)
r with j 6= r and i 6= s. We can
check that the system
B = {g(i)j g(s)r }j,r=0,1,2 and i,s=1,2
is an amoeba basis of the set of solutions to the system f1(z) = f2(z) = 0 of
length 9 and each of its element is of degree 2.
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